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CONTENTS

Notation and Nomenclature

A
A
A
An

A—l
A+
A1/2
(A)ij

a;
Q;

Rz

RZ

Sz

Sz

SZ

det(A)
1Al
AT

Matrix

Matrix indexed for some purpose

Matrix indexed for some purpose

Matrix indexed for some purpose

Matrix indexed for some purpose or

The n.th power of a square matrix

The inverse matrix of the matrix A

The pseudo inverse matrix of the matrix A
The square root of a matrix (if unique), not elementwise
The (i, 7).th entry of the matrix A

The (i, 7).th entry of the matrix A

Vector

Vector indexed for some purpose

The i.th element of the vector a

Scalar

Real part of a scalar

Real part of a vector

Real part of a matrix
Imaginary part of a scalar
Imaginary part of a vector
Imaginary part of a matrix

Determinant of A

Matrix norm (subscript if any denotes what norm)
Transposed matrix

Complex conjugated matrix

Transposed and complex conjugated matrix

Hadamard (elementwise) product
Kronecker product

The null matrix. Zero in all entries.

The identity matrix

The single-entry matrix, 1 at (4,j) and zero elsewhere
A positive definite matrix

A diagonal matrix
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1 BASICS

1 Basics

(AB)"' =B 'A!
(ABC..) '=..Cc'B'A™!
(AT)fl _ (Afl)T
(A+B)T = AT + BT
(AB)T = BTAT
(ABC...)T = .CTBTAT
(AH)—l _ (A—I)H
(A+B)T = Al B
(AB)? =BHAH
(ABC...\)" = ..CcHBYAH

1.1 Trace and Determinants

Tr(A) = ZAn‘ = Z)\i, Ai = eig(A)

Tr(A) = Tr(AT)
Tr(AB) = Tr(BA)
Tr(A + B) = Tr(A) + Tr(B)
Tr(ABC) = Tr(BCA) = Tr(CAB)
det(A) =[]A A =eig(A)

det(AB) = det(A) det(B), if A and B are invertible
1
A™H =
det(A™) = Gty
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1.2 The Special Case 2x2 1 BASICS

1.2 The Special Case 2x2
Consider the matrix A
A— Ain A
Azr Agp
Determinant and trace
det(A) = Ay Az — A19An

Tr(A) = Ay + Ag

Eigenvalues
A — X\ Tr(A) +det(A) =0

Tr(A) + /Tr(A)? — 4det(A) _ Tr(A) — /Tr(A)2 — 4det(A)

A= Ay =
! 2 2 2
)\1 + )\2 = TT(A) )\1)\2 = det(A)
Eigenvectors
A12 A12
Vlo{{)q—Au} VQOC{)\Q_AH}
Inverse
A-l — 1 Az —Ar2
det(A) | —A21  An
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2 DERIVATIVES

2 Derivatives

This section is covering differentiation of a number of expressions with respect to
a matrix X. Note that it is always assumed that X has no special structure, i.e.
that the elements of X are independent (e.g. not symmetric, Toeplitz, positive
definite). See section 2.5 for differentiation of structured matrices. The basic

assumptions can be written in a formula as

0X

X, 0ik01j

that is for e.g. vector forms,

al-w wlew 5]
dy], Oy Iy |; 9y Oyl 9y;

The following rules are general and very useful when deriving the differential of

an expression ([10]):

0A = 0 (A is a constant)
d(aX) = adX
IX+Y) = 90X +9Y
I(Tr(X)) = Tr(0X)

IXY) = (0X)Y +X(9Y)
0XoY) = (0X)oY +Xo(JY)
IX®Y) = (0X)Y+X® (9Y)
oxh = xHox)x!
d(det(X)) = det(X)Tr(X '9X)

d(In(det(X))) = Tr(X '9X)
oxT = (ox)T
oxf = (ax)H

2.1 Derivatives of a Determinant
2.1.1 General form

ddet(Y)

ox

= det(Y)Tr [Yl?ﬂ

2.1.2 Linear forms

ddet(X) -1
—x det(X)(X~HT
w = det(AXB)(X )" = det(AXB)(X") ™!

© oo

_= O
N NI NN NN AN NN NS NN
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2.2 Derivatives of an Inverse 2 DERIVATIVES

2.1.3 Square forms
If X is square and invertible, then
ddet(XTAX)
0X
If X is not square but A is symmetric, then
Jdet(XTAX)
0X

If X is not square and A is not symmetric, then

0 det(XTAX)
X

=2det(XTAX)X T
= 2det(XTAX)AX(XTAX)!

= det(XTAX)(AX(XTAX) ™ + ATX(XTATX)™Y)  (13)

2.1.4 Other nonlinear forms
Some special cases are (See [8])

0X

oX+
Ol det(X)| _ yayr
X - X)) =X
odet(x4)
0X

=2(XH)7T

= —2XT

= kdet(X¥) X7
See [7].

2.2 Derivatives of an Inverse
From [15] we have the basic identity

oY1 ) 'S
o~ Y &Y

from which it follows

aXij

aa;%% = X TapTxX"T
ddet(X1)
oX
OTr(AX~'B)
X

= —det(X"H)(X™HT

= —(X'BAX )T
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2.3 Derivatives of Matrices, Vectors and Scalar Forms 2 DERIVATIVES

2.3 Derivatives of Matrices, Vectors and Scalar Forms

2.3.1 First Order

oxTb B obTx b
0x ox
0aTXb

X
0aTXTb T
Tox ™

0aTXa 9aTXTa T
ox ~ ox @
oX

0X;

ab”

=Ju

73anj = 0im(A)nj = (J""A);j
8(XTA)’L j nm
oKy OnAlns = (A

2.3.2 Second Order

0
XuXmn =2 X
Iy x > X

i klmn
ObTXTXec
0X
d(Bx + b)TC(Dx +d)
ox

= X(bcT + cb”)

=BTC(Dx+d) +D'C”T(Bx +b)

IOXTBX),
0Xj
I(XTBX)
0Xj

= 61;(XTB) i + 0x; (BX)u

=XTBIV + J'BX  (I9)y = 0wl
See Sec 8.2 for useful properties of the Single-entry matrix J%

OxTBx

ox

obTX"DXc
o0X

=(B+B")x

= D"Xbc! + DXcb”

%(Xb +¢)"D(Xb +¢) = (D + DT)(Xb + ¢)b”
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2.3 Derivatives of Matrices, Vectors and Scalar Forms 2 DERIVATIVES

Assume W is symmetric, then

%(x —As)TW(x—As) = —2ATW(x — As)
C%(x —As)TW(x—As) = —2W(x— As)

)

a—A(x — AS)TW(X —As) = —2W(x-— AS)ST

2.3.3 Higher order and non-linear

8 T~n _”_1 T T n—1—r\T
X2 X b_;:)(X) ab” (X ) (14)
9 n—1
U aT n\T~n _ n—1—r T n\T~rr
aXa(X)Xb_g[X abT (X™)TX
_|_(XT)TXnabT(Xn—1—r)T:| (15)

See A.0.1 for a proof.

Assume s and r are functions of x, i.e. s =s(x),r = r(x), and that A is a
constant, then

d . Jos]" "
87)(5 AS—|:aX:| (A+A )S
o . [os]" orl" .
&S AI‘— |:8)(:| AS+|:8)(:| A r

2.3.4 Gradient and Hessian

Using the above we have for the gradient and the hessian
f=xTAx+bTx

of

vxf:&:(AJFAT)xJFb
> f T
Ox0xT —A+A
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2.4 Derivatives of Traces

2 DERIVATIVES

2.4 Derivatives of Traces
2.4.1 First Order

aiXTr(X) =1
iTr(XB) =BT
0X
aiXTr(BXC) =2:0ed
iT]r(BXTC) = CB
X

iTr(XTC) =C
X

2.4.2 Second Order

9 2 _ T

d
—Tr(XTBX) = BX + BTX
X r( ) +

a%Tr(XBXT) =XB" + XB
iT]r(XTX) =2X
X
0 T T
ox (BXXT) = (B + BT)X
)
X
o)
X
)

0X

0X
See [7].

——Tr [X"BXC] = BXC + B"XC"

(16)

—Tr(BTXTCcXB) = c"XBB' + CXBB”

—Tr(AXBXTC) = ATCTXB' + CAXB

I n [(AXb +¢)(AXb + c)T] =2AT(AXDb + c)b”
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2.5 Derivatives of Structured Matrices 2 DERIVATIVES

2.4.3 Higher Order

0
—_T Xk _ Xk—l T
ax (X" = k(X"
P k—1
— ky r k—r—1\T
5 Tr(AXY) > (X"AX )
r=0
%Tr [BYX"CXX"CXB] = CXX"CXBB”+ C"XBB'X"C"X

+ CXBBTXTCX + cTxXXTcTXBB”

2.4.4 Other

aiXTr(AX’lB) = (X'BAX )T = X" TATBTX T

Assume B and C to be symmetric, then

%Tr[(XTCX)*lA] = —(CX(XTCX) (A + AT)(XTCX) !

%Tr[(XTCX)*l(xTBX)} - 2CX(XTCX) XTBX(XTCX) !

+2BX(XTCX) !

See [7].

2.5 Derivatives of Structured Matrices

Assume that the matrix A has some structure, i.e. is symmetric, toeplitz, etc.
In that case the derivatives of the previous section does not apply in general.
In stead, consider the following general rule for differentiating a scalar function

f(A)

df of aAkl_ﬂHafr HA

dA;; ~ 4= 0w 0A; OA| A

The matrix differentiated with respect to itself is in this document referred to
as the structure matriz of A and is defined simply by

0A
aAij

=S¥

If A has no special structure we have simply S¥ = J¥, that is, the structure
matrix is simply the singleentry matrix. Many structures have a representation
in singleentry matrices, see Sec. 8.2.7 for more examples of structure matrices.
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2.5 Derivatives of Structured Matrices 2 DERIVATIVES

2.5.1 Symmetric
If A is symmetric, then S¥ = J¥ 4 JJ/¢ — J¥ J% and therefore

-2 24
dA ~ | A DA &1 9A

That is, e.g., ([5], [16]):

% — A4+AT—(AoT), see (20) (17)
Odet(X)
JOlndet(X) 1 el
—ox = X - (xTlen (19)
2.5.2 Diagonal
If X is diagonal, then ([10]):
OTr(AX)
X = Aol (20)
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3 INVERSES

3 Inverses

3.1 Exact Relations
3.1.1 The Woodbury identity

(A+CBCT)y '=A"'-A-lcB'+CTA!C)!CTA!
If P, R are positive definite, then (see [17])
P '+B'R'B)"'B"R! = PBT(BPB” +R)"!

3.1.2 The Kailath Variant

(A+BC)'=A"1'-A'BI+CA'B)'cA!
See [4] page 153.

3.1.3 The Searle Set of Identities
The following set of identities, can be found in [13], page 151,
I+AHT=AA+T)!
(A+BBY)"'B=A"'B(I+BTA'B)™!
(A7'+B )" '=AA+B)"'B=B(A+B)'A
A-AA+B)'A=B-B(A+B)"'B
A'4+B!'=A"1'A+B)B!
I+AB)'=1I-A(I+BA)'B
(I+AB)'A=A(I+AB)™!

3.2 Implication on Inverses
(A+B)'=A1+B! = AB'A=BA'B
See [13].

3.2.1 A PosDef identity
Assume P, R to be positive definite and invertible, then
P '+B"R'B)"'B"R! = PBT(BPB” +R)"!

See [?].
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3.3 Approximations 3 INVERSES

3.3 Approximations

I+A) " T=T-A+A%2 A3+ ..
A-AT+A)TA=T-A if A large and symmetric
If 02 is small then

(Q+o*M) ' =Q 7! - 02Q7'MQ!

3.4 Generalized Inverse

3.4.1 Definition

A generalized inverse matrix of the matrix A is any matrix A~ such that
AATA=A

The matrix A~ is not unique.

3.5 Pseudo Inverse
3.5.1 Definition

The pseudo inverse (or Moore-Penrose inverse) of a matrix A is the matrix AT
that fulfils

I AATA=A

I ATAAT = AT
111 AAT symmetric
v ATA symmetric

The matrix A is unique and does always exist.

3.5.2 Properties
Assume AT to be the pseudo-inverse of A, then (See [3])

(A" = A
(AT = (AN
(A" = (1/c)AT
(ATA)+ — A+(AT)+
(AAT)F = (AT)*AY
Assume A to have full rank, then
(AAT)(AAT) = AAT
(ATA)(ATA) = ATA
Tr(AA") = rank(AA™) (See [14))
Tr(ATA) = rank(ATA) (See [14])
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3.5 Pseudo Inverse 3 INVERSES

3.5.3 Construction
Assume that A has full rank, then

Anxn Square rank(A)=n = At=A"!
A nxm Broad rank(A)=n = AT =AT(AAT)"!
Anxm Tal rank(A) =m = At =(ATA) AT

Assume A does not have full rank, i.e. A isnxm and rank(A) =r < min(n,m).
The pseudo inverse A+ can be constructed from the singular value decomposi-
tion A = UDVT, by

At =VvDtU”

A different way is this: There does always exists two matrices C n x r and D
r x m of rank r, such that A = CD. Using these matrices it holds that

A+ — DT(DDT)fl(CTC)fICT

See [3].
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4 COMPLEX MATRICES

4 Complex Matrices

4.1 Complex Derivatives

In order to differentiate an expression f(z) with respect to a complex z, the
Cauchy-Riemann equations have to be satisfied ([7]):

df(z)  OR(f(2)) | .0S(f(2))
iz oz ' oms (21)
and
df(z)  OR(f(2) | 93(f(2))
iz o323 (22)
or in a more compact form:
0f(z)  .0f(2)
83z | oRe (23)

A complex function that satisfies the Cauchy-Riemann equations for points in a
region R is said yo be analytic in this region R. In general, expressions involving
complex conjugate or conjugate transpose do not satisfy the Cauchy-Riemann
equations. In order to avoid this problem, a more generalized definition of
complex derivative is used ([12], [6]):

e Generalized Complex Derivative:

df(z) _100f(z) .0f(2)
dz 5( oMz 09z ) (24)
e Conjugate Complex Derivative
df(z) _1/0f(z)  .0f(2)
o~ 2o *iass) (25)

The Generalized Complex Derivative equals the normal derivative, when f is an
analytic function. For a non-analytic function such as f(z) = z*, the derivative
equals zero. The Conjugate Complex Derivative equals zero, when f is an
analytic function. The Conjugate Complex Derivative has e.g been used by [11]
when deriving a complex gradient.

Notice: a) , 0r) | 9f()
z z . zZ
dz G ONz T 03z

e Complex Gradient Vector: If f is a real function of a complex vector z,
then the complex gradient vector is given by ([9, p. 798])

(26)

Vi(z) = 2%3) (27)
Of(z)  .0f(2)
onz 0%z
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4.1 Complex Derivatives 4 COMPLEX MATRICES

e Complex Gradient Matrix: If f is a real function of a complex matrix Z,
then the complex gradient matrix is given by ([2])

_ L d@
vi@) = 297 (28)
0/(2)  0f(2)
ORZ 0SZ

These expressions can be used for gradient descent algorithms.

4.1.1 The Chain Rule for complex numbers

The chain rule is a little more complicated when the function of a complex
u = f(z) is non-analytic. For a non-analytic function, the following chain rule
can be applied ([?])

dg(u) _ 9gdu 9dg Ou*
or  Oudz + ou* Ox (29)
_ J90u (89*>*3u*
 Oulx ou/ Ox

Notice, if the function is analytic, the second term reduces to zero, and the func-
tion is reduced to the normal well-known chain rule. For the matrix derivative
of a scalar function ¢g(U), the chain rule can be written the following way:

09(U)  Tr((ZITou)  Tr((22)ToU)

oX X * X

(30)

4.1.2 Complex Derivatives of Traces

If the derivatives involve complex numbers, the conjugate transpose is often in-
volved. The most useful way to show complex derivative is to show the derivative
with respect to the real and the imaginary part separately. An easy example is:

oTr(X*)  oTr(X™)

ORX  ORX
OTr(X*) 0Tr(X™)
TosxX T T asX

= 1 (31)

= 1 (32)

Since the two results have the same sign, the conjugate complex derivative (25)
should be used.

oTr(X)  oTr(X")

mx ~ omx_ | (33)
OTr(X) _ oTe(Xh)
S SRS G (34)

Here, the two results have different signs, the generalized complex derivative
(24) should be used. Hereby, it can be seen that (??) holds even if X is a
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4.1 Complex Derivatives 4 COMPLEX MATRICES

complex number.

oTr(AX)
TS A (35)
OTr(AXT)
“aox A (36)
ITr(AX*) . p
ORX = A (37)
OTe(AX™)
S S (38)
oTr(XX")  om(X"X)
ORX  ORX 2RX (39)
OTe(XX")  om(XPX)
93X =9 93X = 328X (40)

By inserting (39) and (40) in (24) and (25), it can be seen that

oTr(XX") .

—x = X (41)
oTr(XX")
—x X (42)

Since the function Tr(XX*) is a real function of the complex matrix X, the
complex gradient matrix (28) is given by

OTr(XX)

Hy _
VIr(XXH) = 275

=2X (43)

4.1.3 Complex Derivative Involving Determinants

Here, a calculation example is provided. The objective is to find the derivative
of det(X* AX) with respect to X € C"™*"™. The derivative is found with respect
to the real part and the imaginary part of X, by use of (9) and (5), det(X” AX)
can be calculated as (see Sec. A.0.2 for details)

ddet(X"AX) 1 (8det(XHAX) __8det(XHAX))
oX T2 oRX TTTasX
—  det(XAX)((XTAX) X A)" (44)

and the complex conjugate derivative yields

ddet(X"AX) 1 <8det(XHAX) ,adet(XHAX))
X" -2 ORX X
= det(XTAX)AX(XHAX)! (45)
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5 DECOMPOSITIONS

5 Decompositions

5.1 Eigenvalues and Eigenvectors
5.1.1 Definition
The eigenvectors v and eigenvalues A are the ones satisfying
Av, = \v;
AV =VD, (D);j = dij\i

where the columns of V are the vectors v;

5.1.2 General Properties

eig(AB) = eig(BA)
Aisnxm = At most min(n,m) distinct A;
rank(A) =r = At most r non-zero \;

5.1.3 Symmetric

Assume A is symmetric, then

vvT I (i.e. 'V is orthogonal)
A € R (i.e. \; is real)
TAY) = YN
eigI+cA) = 14c\
cigA™) = A

5.2 Singular Value Decomposition

Any n x m matrix A can be written as

A =UDV?’
where
U = eigenvectors of AAT nxn
D = diag(eig(AAT)) nxm

Vv

eigenvectors of ATA m xm

5.2.1 Symmetric Square decomposed into squares
Assume A to be n x n and symmetric. Then
[A]=[V][D][V"]

where D is diagonal with the eigenvalues of A and V is orthogonal and the
eigenvectors of A.
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5.3 Triangular Decomposition 5 DECOMPOSITIONS

5.2.2 Square decomposed into squares
Assume A to be n x n. Then
_ T
[A]=[V][D][U"]
where D is diagonal with the square root of the eigenvalues of AAT, V is the
eigenvectors of AAT and U7 is the eigenvectors of AT A.
5.2.3 Square decomposed into rectangular

Assume V*D*Uf = 0 then we can expand the SVD of A into

[A}=[VV*][]3 S)H%f]

*

where the SVD of A is A = VDUT.

5.2.4 Rectangular decomposition I
Assume A isn xm
_ T
[ A J=[VI][D][ U" ]
where D is diagonal with the square root of the eigenvalues of AAT, V is the
eigenvectors of AAT and U7 is the eigenvectors of ATA.
5.2.5 Rectangular decomposition II

Assume A isn xm

[ A ]=[ v ]| D U’

5.2.6 Rectangular decomposition III

Assume A isn X m
A J=[V][ D ]| U

where D is diagonal with the square root of the eigenvalues of AAT, V is the
eigenvectors of AAT and U7 is the eigenvectors of ATA.

5.3 Triangular Decomposition

5.3.1 Cholesky-decomposition

Assume A is positive definite, then
A=B"B

where B is a unique upper triangular matrix.
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6 General Statistics and Probability

6.1 Moments of any distribution
6.1.1 Mean and covariance of linear forms

Assume X and x to be a matrix and a vector of random variables. Then
E[AXB+C]=AE[X]B+C
Var[Ax] = AVar[x]A”
Cov[Ax, By] = ACov[x,y|B”
See [14].

6.1.2 Mean and Variance of Square Forms

Assume A is symmetric, ¢ = E[x] and ¥ = Var[x]. Assume also that all
coordinates x; are independent, have the same central moments 1, 2, ti3, ta
and denote a = diag(A). Then

ExTAx] = Tr(AZ) + ¢’ Ac
Var[x” Ax] = 2u5Tr(A?) + 4poc” A%c + 4usc” Aa + (ug — 3p3)a’a

See [14]

6.2 Expectations

Assume x to be a stochastic vector with mean m, covariance M and central
moments v, = E[(x —m)"].

6.2.1 Linear Forms

E[Ax+b] = Am+b
E[Ax] = Am
Ex+b] = m+b

6.2.2 Quadratic Forms

= AMB” + (Am + a)(Bm + b)”

]
Exx’] = M+ mm”

[ a’x] = M+ mm”)a
E[xT xT] = a’' (M + mm?”)
El(AX)(A%)T] = AM+mm!)A”

x+a)7]

E[(x+a)( +aT = M+ (m+a)(m+a)”
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6.2 Expectations 6 GENERAL STATISTICS AND PROBABILITY

E[(Ax+a)'(Bx+b)] = Tr(AMBT) + (Am +a)"(Bm + b)
ExTx] = Tr(M)+m’m
ExTAx] = Tr(AM)+m”Am
E[(Ax)T(Ax)] = Tr(AMAT) + (Am)”’(Am)
El(x+a)(x+a)] = Tr(M)+(m+a)’(m+a)

See [7].

6.2.3 Cubic Forms

Assume x to be independent, then

E[(Ax +a)(Bx + b)"(Cx + ¢)]

Adiag(B"C)v;

+Tr(BMCT)(Am + a)

+AMCT(Bm + b)

+(AMB” + (Am + a)(Bm + b)")(Cm + c)
ExxTx] = v3+2Mm + (Tr(M) + m"m)m

E[(Ax +a)(Ax +a)l (Ax +a)] = Adiag(ATA)vs

+2AMAT + (Ax +a)(Ax +a)’](Am + a)

+Tr(AMAT)(Am + a)

E[(Ax +a)b"(Cx+c)(Dx+d)'] = (Ax+a)b’(CMD? + (Cm +c¢)(Dm +d)7)
+(AMCT + (Am + a)(Cm + ¢)")b(Dm + d)”
+b7(Cm + ¢)(AMD” — (Am + a)(Dm + d)7)

See [7].
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7 (Gaussians

7.1 One Dimensional
7.1.1 Density and Normalization

The density is

p(s) = \/2;7 exp (—(82_0/;)2)

Normalization integrals

_ =2
/e 22 ds = V2702

/ e (et g = \/? exp [M}
a 4a
2
/ g2’ +erzan gy — \/T exp [01—40200]
—C2 —4co

7.1.2 Completing the Squares

cx? +ex+co=—alz —b)? 4w
leg 1c?
—q = p— - -4
a = Cy 50 w 402+CO
or )
2 _ 2
Cox —l—clx—l—co——ﬁ(x—,u) +d
2
—c1 9 —1 1
= —_— = —_— d: -
H 202 g 202 €0 462

7.1.3 Moments

If the density is expressed by

1 s — )2

then the first few basic moments are

] or p(z) = Cexp(caz® + 1)

(r) = n = 32 ,
@) = ot - =+ ()
2
@) = sturs’ = pi[a- ]
2 2
() = pt+6u*o®+30t = (20712) +6<2%12) (%)Jrza(ﬁ)

and the central moments are
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7.2 Basics 7 GAUSSIANS

(@=m) = 0 = 0
(@-w? = & = [&]
(@—w?) = 0 =0 "
(@=wh = 30t = 3|%]

A kind of pseudo-moments (un-normalized integrals) can easily be derived as

2
/exp(02x2 + ciz)a"dx = Z{z") = HL exp [ a } (z")
—Co —402

From the un-centralized moments one can derive other entities like

@) - = o - 2
(@) — (22)(@) = 202 = Gay 2
(xt) — (22)? 20% +4p%0? = ﬁ [1 — 42%12]
7.2 Basics
7.2.1 Density and normalization
The density of x ~ N (m, X) is
plx) = #@) exp | x— )3 x - m)

Note that if x is d-dimensional, then det(27X) = (27)% det(X).
Integration and normalization

1
/exp |:—2(X— m)"E 1 (x — m)} dx = +/det(27X)
L r T - Lo,
exp | —oX Ax +b' x| dx = /det(2rA~1) exp §b A™b

/ exp [—;Tr(STAS) + Tr(BTS)} dS = \/det(2r A1) exp BTr(BTAlB)}

The derivatives of the density are

agg) = —p()Z " (x —m)
afaiT =rx) (Efl(x ~m)(x - m)'s7! - yl)

7.2.2 Linear combination
Assume x ~ N (m,,X,) and y ~ N (m,,X,) then

Ax+ By +c~N(Am, +Bm, +c, A3, A" + BX,B”)
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7.2 Basics 7 GAUSSIANS

7.2.3 Rearranging Means

Vdet(2r(ATE-1A)-1)
det(27X)

Nax[m, 3] = Nyx[A 7 m, (ATE7TA) 7Y

7.2.4 Rearranging into squared form

If A is symmetric, then
1 1 1
—§XTAX +blx = —i(x —A b)Y TAx— A b))+ 5loTprllo

f%Tr(XTAX)JrTr(BTX) = f%Tr[(XfA*1B)TA(X7A’1B)]+%Tr(BTA*1B)

7.2.5 Sum of two squared forms

In vector formulation (assuming X, 3o are symmetric)
f%(x —m) T8 (x —my)
f%(x — mQ)ngl(X — my)

= —l(x - mC)TEgl(x —m.)+C

2
Ec—l — 2;1+251
m. = (Z7'+2;)7HET m + 25 my)
1
C = =+ mys, (B + 2 ) 7S o+ 3 my)

1 _ _
—5 (mel lml + ngQ lmg)

In a trace formulation (assuming 37, 39 are symmetric)
1 _
—STH((X — My)TETL (X - M)
1 _
—STH(X — M3)T5 1 (X — M)

_ —%Tr[(X ~ M) N X - ML)+ C

2;1 — 21—1+22—1
M. = (37427 (E M+ 55 M)
L[ _ ety e _
C = ST[(E7Mi+ 37 M) (B7 + 37 (ST My + 37 My)

1
—iTr(Mffz;lM1 +M22; M)
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7.2.6 Product of gaussian densities

Let Nx(m,3) denote a density of x, then

Nx(mhzl) 'Nx(m27 22) = Cch(mcyzc)

ce = Nm,(my, (B +35))
1 1 . »
= ex —(m; —m 2 +2 ms —m
Vdet(2m (21 + 2)) P 2( ! 2)" (% 2)” (my 2)
me = (B0 457N (S my + B my)
2C = (2;1+251)71

but note that the product is not normalized as a density of x.

7.3 Moments
7.3.1 Mean and covariance of linear forms

First and second moments. Assume x ~ N (m, X)

E(x) =m

Cov(x,x) = Var(x) = T = E(xx”) — E(x)E(x") = BE(xx") — mm”
As for any other distribution is holds for gaussians that
E[Ax] = AE[x]
Var[Ax] = AVar[x]AT

Cov[Ax, By] = ACov[x,y|B”

7.3.2 Mean and variance of square forms

Mean and variance of square forms: Assume x ~ N (m, X)

BExxT) = X+ mm?
E[XTAX] = Tr(AE)—l—mTAm

Var(x?’Ax) = 20'Tr(A?) +40°m” A?m
El(x—-m)TAx-m')] = (m-m)TA(m-m')+ Tr(AX)

Assume x ~ N(0,02%I) and A and B to be symmetric, then

Cov(x? Ax,x"Bx) = 20'Tr(AB)
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7.3 Moments 7 GAUSSIANS

7.3.3 Cubic forms

E[xbTxxT) mb” (M + mm”) + (M + mm”)bm?”

+bT"m(M — mm7)

7.3.4 Mean of Quartic Forms

Exx"xx"T] = 2(Z+mm’)? + m"m(E - mm”)
+Tr(Z)(E + mm?)
ExxTAxx"T] = (Z4+mm”)(A+ AT)(Z + mm?)
+m?” Am(E — mm7”) + Tr[AZ(Z + mm7”))
ExTxxTx] = 2Tr(Z?) +4m”Tm + (Tr(2) + m ' m)?
Ex"Axx"Bx] = Tr[AXB+B")Z] + m” (A +A")Z(B + B )m

+(Tr(AZ) + m” Am)(Tr(BE) + m” Bm)

Ela”xbxc"xd”x]
= (@72 +mm")b)(c’ (= + mm’)d)
+(@"(Z +mm")e)(b” (E + mm”)d)
+(@"(Z + mm”)d)(b” (2 + mm’)c) — 2a” mb” mc’ md " m

E[(Ax +a)(Bx +b)"(Cx + ¢)(Dx + d)7]

= [AZBT + (Am + a)(Bm + b)7][CED” + (Cm + ¢)(Dm + d)’]
+[AZCT 4 (Am + a)(Cm + ¢)7][BED? + (Bm + b)(Dm + d)7]
+(Bm + b)"(Cm + ¢)[AZD? — (Am + a)(Dm + d)7]
+Tr(BECT)[AED” + (Am + a)(Dm + d)”]

E[(Ax +a)" (Bx +b)(Cx + c)' (Dx + d)]
= Tr[AZ(C'D + D?C)=B7]
+[(Am +a)"B + (Bm + b)"A]Z[CT(Dm + d) + D7 (Cm + ¢))
+[Tr(AXB?) + (Am 4 a)” (Bm + b)][Tr(CED?) + (Cm + ¢)”(Dm + d)]
See [7].

7.3.5 Moments

=3 o,

Cov(x Z Z prepr (Zk + mpmj, — mymy,)
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7.4 Miscellaneous

7.4.1 Whitening

Assume x ~ N(m, X) then
z=%"12(x —m) ~ N(0,1)

Conversely having z ~ N(0,I) one can generate data x ~ A (m, X) by setting
x =322+ m~N(m,X)

Note that ¥/2 means the matrix which fulfils '/231/2 = . and that it exists
and is unique since X is positive definite.

7.4.2 The Chi-Square connection

Assume x ~ A (m, ¥) and x to be n dimensional, then
z=(x-m)TZ(x—m)~ 2

7.4.3 Entropy

Entropy of a D-dimensional gaussian
D
H(x) = /./\/(m7 ) InN(m, X)dx = —In+/det(27X) — )

7.5 One Dimensional Mixture of Gaussians

7.5.1 Density and Normalization

o) =32 Lo [ 40t

2o

7.5.2 Moments
An useful fact of MoG, is that

(@) = pr@")

k

where (-)) denotes average with respect to the k.th component. We can calculate
the first four moments from the densities

o) = L [ 1 —m)
p(x) Xk:Pk Tmzep{ SR ]

px) = pkChrexp [crar® + ]
k

as
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7.6 Mixture of Gaussians 7 GAUSSIANS

(@) = Lo = e |7

@) = Tionloi ) = e |mn+ (52)

() = Yy ox(Bofue+ ) = Yo it [3- 5]

(@) = Spoe(uf+6uoi+30)) = oo (chkz)Z[(QC:klz)z6;E;2+3H

If all the gaussians are centered, i.e. up = 0 for all k, then
y = 0 = 0
) = Xy pwoi = D kPk {ﬁ}

(%) = 0 = 0
)= Yurk30n = k3 [2;32}2

From the un-centralized moments one can derive other entities like

(x?) — (x)? Zk,k’ PEPK [/Ji +op — ,Ukﬂk'}
(2%) — (2°)(x) S kkr PRPR (B0 + 11 — (0F + 1) |
(z%) — (2?)? = Zk k' PkPK’ [Nk + 6pjof + 30y — (0} + pi) (0} + Mﬁ/)]

7.6 Mixture of Gaussians
7.6.1 Density

The variable x is distributed as a mixture of gaussians if it has the density

(x — mk)Tﬁlzl(x —my)

Zp /de 27r2k) P

where p, sum to 1 and the Xy all are positive definite.
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8 Miscellaneous
8.1 Functions and Series
8.1.1 Finite Series
X" DX - ' =I4+X+X? .. + X!

8.1.2 Taylor Expansion of Scalar Function

Consider some scalar function f(x) which takes the vector x as an argument.
This we can Taylor expand around xg

F6) 2 Fox0) + 8(x0)” (x — x0) + 3 (x — x0) " H(x0) (x — x0)

where

)| g = P9

8(x0) = 0x Ixo ~ ox0xT %0

8.1.3 Taylor Expansion of Vector Functions
8.1.4 Matrix Functions by Infinite Series

As for analytical functions in one dimension, one can define a matrix function
for square matrices X by an infinite series

f(X) = i cn X"
n=0

assuming the limit exists and is finite. If the coefficients ¢, fulfils ) cp,z™ < oo,
then one can prove that the above series exists and is finite, see [1]. Thus for
any analytical function f(x) there exists a corresponding matrix function f(x)
constructed by the Taylor expansion. Using this one can prove the following
results:

1) A matrix A is a zero of its own characteristic polynomium [1]:

p(A) =det(IX — A) =) "¢, \" = pA)=0

2) If A is square it holds that [1]
A=UBU! = f(A)=UfBU!
3) A useful fact when using power series is that

A" — 0 for n — if Al <1
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8.1.5 Exponential Matrix Function

In analogy to the ordinary scalar exponential function, one can define exponen-
tial and logarithmic matrix functions:

00 1 1
A n __ A2
e = E_Oin!A —I—|—A—|—2A =+ ...

1 1
—A nAmNm 2
—_E —(—1)"A"=T—- A+ -A°— ...
€ — n!( ) 2
eh = g 1 (tA)" =1+tA + thAQ +

n! 2

n=0

— (="' Lo 1,3
1n(I+A)=ZTA =A- AT+ AT
n=1

Some of the properties of the exponential function are [1]

eAeB = ATB if AB = BA

— (—1)"A+! 1 1
sin(A) =) DA™ Lae + =A% — ..

2 (2n 1 1)) 31 51
SCAT L, 1,

8.2 Indices, Entries and Vectors

Let e; denote the column vector which is 1 on entry ¢ and zero elsewhere, i.e.
(ei); = 0ij, and let J* denote the matrix which is 1 on entry (4,j) and zero
elsewhere.

8.2.1 Rows and Columns

i.th row of A = el A

j.th column of A = Ae;
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8.2.2 Permutations

Let P be some permutation matrix, e.g.
0 1
P={(10
0 0
then
AP = [ Ae; Ae; Aey ] PA = e?A
That is, the first is a matrix which has columns of A but in permuted sequence

and the second is a matrix which has the rows of A but in the permuted se-
quence.

8.2.3 Swap and Zeros
Assume A to be n x m and J¥ to be m x p
AJ7=]0 0 ... A; ... 0]

i.e. an n X p matrix of zeros with the i.th column of A in the placed of the j.th
column. Assume A to be n x m and J¥ tobep xn

0
0

A :
JYA = A,

0

i.e. an p X m matrix of zeros with the j.th row of A in the placed of the i.th
row.

8.2.4 Rewriting product of elements

ApiBj = (Aeze B)n =

kl =

AixByj = (ATe;e] BT)
TB)kl
)

Azk:B]l = (A e;e
AkiBlg = (Aeze BT kl =
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8.2.5 Properties of the Singleentry Matrix
Ifi=j o o 3
JUgu — Ju (Jz])T(Jz])T — J4

Ifi+j

Jii (Jii)T = gii (YT yid = yii
8.2.6 The Singleentry Matrix in Scalar Expressions
Assume A isn x m and J is m X n, then
Tr(AJY) = Tr(JYA) = (AT),;
Assume A isn xn, Jis n x m and B is m x n, then
Tr(AJYB) = (ATB"),;
Tr(AJ'B) = (BA),;
Tr(AJ?JYB) = diag(A"B”),;
Assume A is n x n, J¥ is n x m B is m x n, then
xTAJBx = (ATxx"B"),;
xTAJ1JBx = diag(ATxx"BT);;
8.2.7 Structure Matrices

The structure matrix is defined by

0A

oA, °

If A has no special structure then
Qi — Jii

If A is symmetric then N N B o
S’L] — Jl] + J]l _ J'I_]J'IJ
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8.3 Solutions to Systems of Equations
8.3.1 Existence in Linear Systems

Assume A is n X m and consider the linear system
Ax=D

Construct the augmented matrix B = [A b] then

Condition Solution

rank(A) = rank(B) = m  Unique solution x
rank(A) = rank(B) < m Many solutions x
rank(A) < rank(B) No solutions x

8.3.2 Standard Square

Assume A is square and invertible, then

Ax=b = x=A"1b

8.3.3 Degenerated Square
8.3.4 Over-determined Rectangular

Assume A to be n x m, n > m (tall) and rank(A) = m, then
Ax=b = x=(ATA)'ATb=A"b

that is if there exists a solution x at all! If there is no solution the following
can be useful:
Ax=Db = Xmin = ATb

Now Xin is the vector x which minimizes ||Ax — b||?, i.e. the vector which is
"least wrong”. The matrix AT is the pseudo-inverse of A. See [3].

8.3.5 Under-determined Rectangular
Assume A is n x m and n < m ("broad”).
Ax=Db = Xmin = AT(AAT)"1b

The equation have many solutions x. But X,,;, is the solution which minimizes
||Ax — b||? and also the solution with the smallest norm ||x||?. The same holds
for a matrix version: Assume A is n x m, X is m x n and B is n x n, then

AX =B = Xmin =ATB

The equation have many solutions X. But X,,,;, is the solution which minimizes
||AX — B||? and also the solution with the smallest norm ||X[|?. See [3].
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Similar but different: Assume A is square n X n and the matrices Bg, B
are n X N, where N > n, then if By has maximal rank

ABy =B, = Anin = BlBg(B()Bg)_l

where A,,;, denotes the matrix which is optimal in a least square sense. An
interpretation is that A is the linear approximation which maps the columns
vectors of By into the columns vectors of Bj.

8.3.6 Linear form and zeros

Ax =0, Vx = A=0
8.3.7 Square form and zeros
If A is symmetric, then

XTAx:O, Vx = A=0

8.4 Block matrices

Let A;; denote the ij.th block of A.

8.4.1 Multiplication

Assuming the dimensions of the blocks matches we have

|:A11A12:||:B11B12:|
Aj | Ay B2 | By

_ { A11B11 + A1zBoy ‘ A11B12 + A12Bo»
A By + ApBy | AoiBis + AyBy

8.4.2 The Determinant

The determinant can be expressed as by the use of
Ci = Ay - A12A2_21A21
Cy = Agp—AyAlAp

as

det ({ A | Ary D — det(Ag) - det(Cy) = det(Aq) - det(C)
Ao | Ag

8.4.3 The Inverse

The inverse can be expressed as by the use of

C, = A11—A12A2_21A21
Cy = Ay —AyA A
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as
{ A | A }‘1 _ { Cit | —AL ARG }
Asr | A —C, Ay A ‘ (o
_ [ AL+ AT ARG T AYAL —ClAnA,, ]
—A% Ay CrY | A% + A% AgClTA LA

8.4.4 Block diagonal

For block diagonal matrices we have

{ 5 A022 } B { (Alé)_l (Airl }
det ({%D — det(Aq1) - det(Ass)

8.5 Matrix Norms
8.5.1 Definitions

A matrix norm is a mapping which fulfils

Al = 0 JA[[=0<A=0

leAll = [dllAll,  ceR
lA+BJ|[ < [[A]l+][IB]|

8.5.2 Examples

Al = mjaXZ | Aij]

[Allz = max eig(ATA)

IAll, = <||f3ia§1”Ax”P)l/p

IAlle = max Y4y

J
|AllF = Z|A¢j|2 (Frobenius)
ij

||AHma:v = Hi?X|A”|

|Allxr = [lsing(A)[[i  (Ky Fan)

where sing(A) is the vector of singular values of the matrix A.
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8.5.3 Inequalities

E. H. Rasmussen has in yet unpublished material derived and collected the
following inequalities. They are collected in a table as below, assuming A is an
m X n, and d = min{m, n}

[Allmae  [|AllL (Al [IAll2 [[Allr [|Allkr
1 1 1

1
IAllr  viEm  ym i
[|AllkF mnd  vnd m

% %%

AT 1 1
1Al m m v Jm
[1A]] n n NN
1All: Ve VA vm 1

Jm

Jmd

S

which are to be read as, e.g.
1Al < Vm - ||Alls

8.6 Positive Definite and Semi-definite Matrices
8.6.1 Definitions
A matrix A is positive definite if and only if
xI'Ax >0, Vx
A matrix A is positive semi-definite if and only if
xTAx >0, Vx

Note that if A is positive definite, then A is also positive semi-definite.

8.6.2 Eigenvalues

The following holds with respect to the eigenvalues:

A pos. def. = eig(A) >0
A pos. semi-def. = eig(A) >0

8.6.3 Trace

The following holds with respect to the trace:

A pos. def. = Tr(A)>0
A pos. semi-def. = Tr(A)>0

8.6.4 Inverse

If A is positive definite, then A is invertible and A~! is also positive definite.
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8.6.5 Diagonal
If A is positive definite, then A;; > 0, Vi

8.6.6 Decomposition I

The matrix A is positive semi-definite of rank r < there exists a matrix B of
rank 7 such that A = BB”

The matrix A is positive definite < there exists an invertible matrix B such
that A = BBT

8.6.7 Decomposition IT

Assume A is an n X n positive semi-definite, then there exists an n x r matrix
B of rank r such that BTAB =1.

8.6.8 Equation with zeros

Assume A is positive semi-definite, then X"AX =0 = AX=0

8.6.9 Rank of product
Assume A is positive definite, then rank(BABT) = rank(B)

8.6.10 Positive definite property

If A is n x n positive definite and B is r x n of rank r, then BAB7 is positive
definite.

8.6.11 Outer Product

If X is n x r of rank r, then XX7 is positive definite.

8.6.12 Small pertubations

If A is positive definite and B is symmetric, then A —tB is positive definite for
sufficiently small ¢.

8.7 Integral Involving Dirac Delta Functions
Assuming A to be square, then

/ p(s)3(x — As)ds — detl( e

x)

Assuming A to be "underdetermined”, i.e. "tall”, then

1 + e +
/p(s)é(x—As)ds: /7det(ATA)p(A x) ifx=AATx
0 elsewhere
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8.8 Miscellaneous 8 MISCELLANEOUS

See [8].
8.8 Miscellaneous
For any A it holds that
rank(A) = rank(A”) = rank(AAT) = rank(AT A)
Assume A is positive definite. Then
rank(BY AB) = rank(B)

A is positive definite < 3B invertible, such that A = BB”

PETERSEN & PEDERSEN, THE MATRIX COOKBOOK (VERSION: JANUARY 5, 2005), PAGE 40



A PROOFS AND DETAILS

A Proofs and Details

A.0.1 Proof of Equation 14

Essentially we need to calculate

O(X™) 0

8Xij

- aX Z Xk ulXU],UQ Xun,l,l

i ULyeeyUn—1
= Ok,i0uy i Xur,ug - Kup_1,l
+Xk:u16u177;5u27j"'Xunfl:l

+Xk:,u1Xu1,u2---6u",1,i61,j
n—1
= ) (X)X
r=0
n—1 3
_ Z(XrszXn—l—r)kl

r=0

Using the properties of the single entry matrix found in Sec. 8.2.5, the result

follows easily.

A.0.2 Details on Eq. 47

ddet(X? AX)

(XTAX)Tr[(XH AX)1o(XH AX)]

det(XP AX)Tr[(XHAX) L (O(XT)AX + XTI(AX))]

det(X7 AX) (Tr[(X7 AX) T (X)) AX] + Tr[(X7 AX) X" 9(AX)])
( )(

det(X" AX) (Tr[AX(XTAX)1o(XT)] + Tr[(XH AX) X A9(X)))

First, the derivative is found with respect to the real part of X

ddet(X? AX)
ORX

T AX(XPAX)To(X™)]  Tr[(XTAX) X" A)(X)]
IRX * IRX )
det(X7TAX) (AX(X"AX) ! + (XTAX)IXTA)T)

det(X" AX) (

Through the calculations, (16) and (35) were used. In addition, by use of (36),
the derivative is found with respect to the imaginary part of X

9 det(XTAX)

03X

TAX((XTAX)1a(XT)]  Tr[(XHAX) X7 AG(X)]
93X + 95X )
det(X"AX) (AX(XTAX)™! — (XTAX)'XTA)T)

i det(X7 AX) (
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Hence, derivative yields

ddet(X” AX) 1 (8det(XHAX) B _8det(XHAX))
oX 2 oRX TTTaSX
—  det(XTAX)((XTAX) X A)"

and the complex conjugate derivative yields

ddet(X"AX) 1 <8det(XHAX) ,8det(XHAX))
X ) ORX TTTaSX
= det(X7AX)AX(XTAX)™!

Notice, for real X, A, the sum of (44) and (45) is reduced to (13).
Similar calculations yield

ddet(XAX™) 1 <8det(XAXH) 7‘8det(XAXH))
oX ) ORX TTTaSX
—  det(XAXT)(AX" (xAXT) )T (46)
and
ddet(XAX™) 1 <8det(XAXH) N .0det(XAXH))
X" -2 ORX X
= det(XAXT)(XAXH)"IXA (47)
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